Helicity, which is defined as the scalar product of velocity and vorticity, H = u · ω, is an inviscidly conserved quantity in a barotropic fluid. Mean helicity is zero in flows that are parity invariant. System rotation breaks parity invariance and has therefore the potential of giving rise to non-zero mean helicity. In this paper we study the helicity dynamics in the incompressible Ekman boundary layer. Evolution equations for the mean field helicity and the mean turbulent helicity are derived and it is shown that pressure flux injects helicity at a rate 2ΩG 2 over the total depth of the Ekman layer, where G is the geostrophic wind far from the wall and Ω = Ωe y is the rotation vector and e y is the wall-normal unit vector. Thus right-handed/left-handed helicity will be injected if Ω is positive/negative. We also show that in the uppermost part of the boundary layer there is a net helicity injection with opposite sign as compared with the totally integrated injection. Isotropic relations for the helicity dissipation and the helicity spectrum are derived and it is shown that it is sufficient to measure two transverse velocity components and use Taylor's hypothesis in the mean flow direction in order to measure the isotropic helicity spectrum. We compare the theoretical predictions with a direct numerical simulation of an Ekman boundary layer and confirm that there is a preference for right-handed helicity in the lower part of the Ekman layer and left-handed helicity in the uppermost part when Ω > 0. In the logarithmic range, the helicity dissipation conforms to isotropic relations. On the other hand, spectra show significant departures from isotropic conditions, suggesting that the Reynolds number considered in the study is not sufficiently large for isotropy to be valid in a wide range of scales. Our analytical and numerical results strongly suggest that there is a turbulent helicity cascade of right-handed helicity in the logarithmic range of the atmospheric boundary layer when Ω > 0, consistent with recent measurements by Koprov, Koprov, Ponomarev & Chkhetiani (Dokl. Phys., vol. 50, 2005, pp. 419-422). The isotropic relations which are derived may facilitate future measurements of the helicity spectrum in the atmospheric boundary layer as well as in controlled wind tunnel experiments.
Introduction
Inviscidly conserved quantities have a particular importance in fluid dynamics, especially in the context of turbulence. Prime examples are kinetic energy and in two-dimensions enstrophy, defined as half the square of vorticity. Moffatt (1969) showed that helicity, H = ω · u, is such a conserved quantity in a barotropic fluid. However, unlike energy and enstrophy, helicity is not positive definite. This is the reason why the conservation of two separate quadratic invariants, energy and helicity, does not lead to an inverse energy cascade in three-dimensional turbulence (Biferale 2003) . Recent numerical simulations have shown that if only nonlinear interactions involving only positive or negative helical modes are retained an inverse cascade of energy and a forward cascade of helicity develop (Biferale, Musacchio & Toschi 2012) , as in 2D turbulence where there is an inverse energy cascade and a forward enstrophy cascade (Kraichnan 1967) . On the other hand, numerical simulations of the full three-dimensional Navier-Stokes equations (Borue & Orszag 1997; Chen et al. 2003b; Mininni, Alexakis & Pouquet 2006) have shown the existence of a joint energy and helicity cascade towards small scales. The energy spectrum is found to scale as E(k) ∼ ε , in agreement with theoretical predictions (Brissaud et al. 1973) . Here, ε and χ h are the energy and helicity turbulent dissipation, respectively. Numerical simulations of homogeneous turbulence also show that the helicity cascade towards small scales is robust and is maintained also in the presence of a system rotation (Mininni & Pouquet 2009 ). In meteorology, helicity has been used to predict the development of tornados (Thompson 2005) and such phenomena are commonly presented as examples of highly helical flows (Tsinober & Levich 1983; Lilly 1986; Moffatt & Tsinober 1992) .
Mean helicity is zero in flows that are parity invariant. System rotation breaks parity invariance and may therefore lead to a non-zero mean helicity, a fact that has been pointed out in a number of studies (Brissaud et al. 1973; Etling 1985) . It has also been pointed out that the laminar Ekman layer is helical (Zhemin & Rongsheng 1994) , with a preference for right-handed helicity in the lower part of the Ekman layer and left-handed helicity in the uppermost part. There have been some attempts to measure the helicity spectrum in the laboratory using hot wires (Kholmyansky et al. 1991) . However, it has proven extremely difficult to measure different components of the vorticity and the velocity in a single point. Quite recently, however, the helicity spectrum has been measured in an atmospheric boundary layer using acoustic Doppler anemometry (Koprov et al. 2005) . A special technique was used to retrieve different components of vorticity from the acoustic signal, and found that the helicity spectrum displayed a k −5/3 range over a decade of wavenumbers. Despite these efforts, it has not been clarified by what mechanism system rotation may give rise to a non-zero mean helicity, and why mean helicity should either be right-or left-handed.
As shown by Moffatt (1969) , mean helicity is conserved in a control volume containing an inviscid barotropic fluid, where the normal component of vorticity is zero at the boundaries. This is true also in the presence of system rotation and conservative forces, such as gravity. Consider a standard square box control volume in a barotropic boundary layer, with one side coinciding with the wall and the opposing side very far from the wall. In such a volume mean helicity can only be generated by viscous mechanisms or by a flux through the lateral boundaries. We will show that it is by a pressure flux through the lateral boundaries that mean helicity is generated in the incompressible Ekman boundary layer and that viscosity mainly acts as to destroy the mean helicity which is generated. This is analogous to the injection of mean kinetic energy generated by pressure work, − n · (pu) dS, acting at the lateral surfaces of a control volume, and dissipated by viscosity. Here, n is the unit vector normal to the control volume surface. In a similar way, the helicity equation contains two terms, the net helicity gain, − n · (pω) dS, by pressure flux acting at the lateral surfaces and the helicity loss due to viscous destruction. In a non-rotating boundary layer the mean vorticity is perpendicular to the pressure gradient, resulting in a zero net helicity gain. In the Ekman boundary layer, this is not the case and net helicity will therefore be injected into a control volume in which the boundary layer is statistically stationary. The injection process takes place at large scales, comparable to the turbulent integral length scale, and since helicity is an inviscidly conserved quantity, it can only be dissipated by viscosity which is acting at the very smallest scale of turbulence, the Kolmogorov scale. Thus, there must exist a transfer of helicity from large to small scales, that is a helicity cascade.
The paper is organised as follows. In § 2 we derive the relevant dynamical equations for the mean and turbulent helicity and apply them to an Ekman boundary layer. We also derive some isotropic relations which may facilitate a future measurement of the helicity spectrum and the helicity dissipation. In § 3 we present a data analysis from a recent direct numerical simulation (DNS) of the neutrally stratified Ekman boundary layer and interpret the results in the light of the analytical results. In § 4 we end the paper with conclusions.
Theory

Basic equations
We start by deriving the equations for the total helicity budget. In nearly neutrally stratified conditions, the dynamics of the atmospheric boundary layer can be described, at first approximation, by means of the three-dimensional incompressible Navier-Stokes equations in a rotating reference frame (see e.g. Vallis 2006; Spalart, Coleman & Johnstone 2009) 
Here, u = (u, v, w) is the velocity vector in the right-handed Cartesian system (x, y, z) with x and z being the horizontal coordinates and y the vertical coordinate, p is the pressure, ν is the kinematic viscosity and Ω is the rotation vector, which is assumed to be vertical. The convention of using y rather than z as the vertical coordinate is standard in DNS of boundary layers, including Ekman boundary layers (see e.g. Shingai & Kawamura 2004) . In geophysical applications, the f -plane approximation is usually made, by considering a system subjected to only a vertical rotation rate of intensity Ω sin Θ, where Θ is the latitude and Ω is the rotation rate of the Earth. We divide the total mean helicity H into a mean field contribution and a turbulent contribution,
where H ≡ u i ω i , h ≡ u i ω i and · stands for an ensemble average and the prime, , denotes the deviation from the mean. We say that the helicity is right-handed/lefthanded if it positive/negative when a right-handed coordinate system is used in the calculation of the vorticity.
The evolution equations for the mean field helicity H and the turbulent helicity h are derived from the system (2.1) in a similar way as done for the kinetic energy budget equations. The equations can be written in compact from as
The turbulent helicity production term, 5) converts helicity between the mean and the turbulent fields. Here χ H and χ h are the mean and turbulent helicity dissipation, respectively, given by
Here T and t are transport terms,
Here I and i are the helicity transport terms arising from the pressure term. These are given by
R and r are the Coriolis transport terms, defined as
The latter terms are the only terms that are not parity invariant and explicitly include rotation. Thus, during spin-up from a parity invariant initial state with no helicity, these terms are the only ones that can set up a gradient of helicity in the vertical direction. Assuming homogeneity in the horizontal direction, i.e. 11) we find that the Coriolis term has the form 2Ω∂v 2 /∂y. Thus, in a bottom boundary layer during spin-up this term moves helicity from the outer part to the inner part of the boundary layer.
We now restrict ourselves to a statistically stationary state where the Ekman layer is statistically homogeneous in the horizontal directions. In this case R is equal to zero, while T, t, i and r reduce to 
14)
The term I requires special attention. As we pointed out in § 1, it is the only source term, accounting for a helicity flux into a control volume through the lateral boundaries. The velocity vector far from the wall, u ∞ = G, is in geostrophic balance, that is ∇p = −2Ω × G. The injection of helicity integrated between two heights, y 1 and y 2 , is thus given by
where u 1 and u 2 are the mean velocity vectors at heights y 1 and y 2 , respectively. From (2.16), it is readily shown that the helicity injection integrated over the total depth of the Ekman layer is equal to 2ΩG 2 . This shows that the quantity He y · Ω is generally positive in the Ekman boundary layer. Thus, if Ω is positive/negative, right-handed/left-handed helicity will be injected. However, as seen in figure 1(b), in the upper part of the Ekman layer there is a point where the wind component parallel to the geostrophic wind has a maximum and is larger than G. Integrating I between this point and infinity we thus find that the helicity injection has opposite sign in the uppermost part of the Ekman layer as compared with the totally integrated injection.
For an Ekman boundary layer in a stationary state, there is a balance between total dissipation, χ = χ H + χ h , and net injection, that is
In the laminar case, the injection of helicity is entirely balanced by the mean field helicity dissipation, χ H . In the turbulent case this is not true and χ h has a non-negligible contribution. In the logarithmic range, the mean field helicity dissipation can be estimated as
∼ νΩ 3 /u τ , where u τ is the friction velocity and δ ∼ u τ /Ω is the boundary-layer thickness. Since the total integrated injection rate of helicity is 2 ΩG 2 , in the logarithmic range we can therefore estimate the helicity injection rate as . Thus, virtually all the injected helicity will be dissipated by turbulent motions if Re = G/ √ νΩ is sufficiently large and χ h = χ at a large degree of accuracy. The general helicity budget in a control volume covering a section of a stationary Ekman boundary layer will thus be as follows. Right-handed mean field helicity is generated by the pressure flux I. Mean field helicity is then transferred to turbulent helicity through the production term P. The turbulent helicity undergoes a cascade in which it is successively transferred to smaller and smaller scales. Finally, helicity is dissipated by viscosity at the Kolmogorov scale.
Isotropic relations
The spectrum of helicity can be obtained by measuring the two-point correlation 18) where in this section we omit the primes for denoting the fluctuating parts of velocity and vorticity. According to Moffatt (1981) , 'a first step' towards such a measurement would be a measurement of a correlation such as
The two-point correlation (2.19) is a function of two coordinates of the separation vector. Therefore, a measurement of such a correlation cannot be performed by measuring two velocity components in a single point and using Taylor's hypothesis, by which the separation coordinate in the mean flow direction can be replaced by a time separation. Estimates based on (2.19) requires a spatial resolution for ξ of the order of the Kolmogorov scale, which in typical experimental and field situations is of the order of millimetres, thus making a measurement based on (2.19) very demanding. We will now show that, under the assumption of isotropy, it is possible to derive the helicity spectrum and the helicity dissipation from the more-accessible two-point velocity correlation
A measurement of a(x) can be easily performed by simultaneously measuring the two transverse velocity components v and w in a single point and using Taylor's hypothesis in the mean flow direction. Under the assumption of homogeneity, the two-point helicity correlation function (2.18) is independent of x and can be calculated from the two-point velocity correlation tensor as
where u k (r) is measured at a point with separation vector r relative to the point where u i is measured. Under the assumption of rotational invariance (isotropy) Φ should be independent of the direction of r and thus be a function of r = |r|. If rotational invariance, but not reflectional invariance, is imposed on the two-point velocity correlation tensor, it can be written in terms of three scalar functions 22) where n = r/r is the radial unit vector, f and g are the two standard longitudinal and transverse correlation functions (see e.g. Batchelor 1953) , and a(r) is the same function as defined in (2.20). The dynamical equation for Φ(r) and a(r) have been derived and analysed by Chkhetiani (1996) , Gomez, Politano & Pouquet (2000) and Kurien (2003) . However, to the best of the authors' knowledge, the kinematical relations relating the helicity spectrum and the helicity dissipation to the measurable function a(r) have not previously been derived. We do this by first using (2.21) and (2.22) to obtain
Before proceeding with the analysis we should make a comment on the assumption of isotropy. Evidently, isotropy is a rather strong assumption to apply on the two-point velocity correlation since in the limit of zero correlation distance we obtain the Reynolds stress tensor, which is not isotropic in most experimental situations. However, we can relax the assumption of isotropy to be fulfilled when secondand higher-order derivatives of (2.23) are considered, which, as we will see in the following, is supported by the data analysis. For example, we can calculate the helicity dissipation if we have measured the variation of a at small separations. Since a is odd it can be expanded as
for small x. The helicity dissipation can now be calculated as
where we recall that the Laplacian in spherical coordinates should be used here. Alternative expressions are
The three-dimensional helicity spectrum can be defined by first introducing the threedimensional Fourier transform
Since Φ is a function of r, Φ is only a function of k = |k|. The three-dimensional helicity spectrum is obtained by integration of Φ over a spherical shell as
The helicity spectrum can be related to the one-dimensional sine transform of a(r),
Inserting (2.23) into (2.27), introducing spherical coordinates and integrating over the two angles, we find
In a perfectly isotropic field, the expression (2.30) can be used to calculate the mean turbulent helicity as
Since a Fourier decomposition of the flow field is easily carried out in both horizontal directions, it is natural to calculate the two-dimensional helicity spectrum, defined as
In the isotropic case the two-dimensional spectrum can be related to the threedimensional spectrum (2.31) as
(2.34) It should be emphasised that in a typical experimental context the mean helicity cannot be calculated as in (2.31), since isotropy can only be assumed for scales that are much smaller than the turbulent integral length scale. Nevertheless, since the smallest scales are fairly isotropic, the helicity dissipation can still be calculated as 35) which is the spectral counterpart of (2.26). In order to determine the approximate magnitude and shape of the function a(r) for small r in an experimental situation, we keep the two leading-order terms in (2.24) and use the isotropic relations (2.25) and (2.31),
With this expression, a will have a minimum at x = √ 10νh/χ h , if Ω > 0, as in a bottom Ekman boundary layer on the northern hemisphere. If, on the other hand, Ω < 0, as in a corresponding Ekman layer on the southern hemisphere, a will have a maximum at the same location. With a helicity spectrum of the theoretical form, 662 E. Deusebio and E. Lindborg
, we can make the estimate h/χ h ∼ l
rms / , where we have used the standard estimate l t ∼ u 3 rms / , for the turbulent integral length scale. Thus, the extreme point will be located around the Taylor microscale λ = 15νu 2 rms / . As we will see in the following, h ∼ /u rms within the log layer, although there might be a logarithmic dependence with Re. The magnitude of the minimum/maximum can thus be estimated as |a| ∼ hλ ∼ u and to measure the variation of a for small separation distances, we would need to measure velocities at least with an accuracy of 1 cm s −1 at length scales which are smaller than 10 cm. This is clearly feasible using hot wires (Dhruva et al. 1997) . What seems more critical is that it may require a very long time to collect a sample which is large enough, in order to obtain a statistically converged result, since the correlation function a(r) will come out as a rest after cancellations between high-amplitude positive and negative values. To make a fair estimate of the sampling time, a good intermittency model for the helicity would be required, which we do not have. We can only point out that the measurement by Koprov et al. (2005) suggests that it is possible to measure the mean turbulent helicity and that helicity spectrum with some degree of accuracy in an atmospheric boundary layer.
Analysis of a DNS
We have recently carried out high-resolution numerical simulations of the Ekman layer at moderately high Reynolds number Re = Gδ E /ν (Deusebio et al. 2014) . Here, G is the geostrophic wind far from the wall, ν the kinematic viscosity and δ E = √ ν/Ω the laminar Ekman boundary-layer thickness (Vallis 2006 ). The simulations have been carried out using a pseudo-spectral code based on Fourier series in the horizontal directions, x and z, and odd/even Chebyshev polynomials in the vertical direction y (Deusebio 2013). The velocity components along x, y and z are denoted by u, v and w, respectively. We use the no-slip condition at the wall, periodic boundary conditions in both horizontal directions and a stress-free condition at the top of the domain, that is ∂ y u = ∂ y w = 0 and v = 0 at the top of the domain. In this communication we analyse the helicity dynamics in the neutrally-stratified simulation at Re = 1600. This simulation produces a logarithmic region over roughly one decade and with a von Kármán constant similar to what was found in other wall-bounded flows (El Khoury et al. 2013) . In figure 1(a) we plot the mean velocity profile, √ u 2 + w 2 /u τ , where u τ = √ τ w /ρ is the friction velocity and τ w the wall shear stress. Figure 1(b) shows the odograph of the horizontal velocities, commonly referred to as Ekman spiral (see e.g. Vallis 2006) . More details about the simulation can be found in Deusebio et al. (2014) .
We start by considering the vertical profile of helicity. In the following data analysis, we will interpret the ensemble average · , used in § § 2 and 2.2, as an average in time and over a horizontal plane. In figure 2(a) , H, normalised by the magnitude of the local mean velocity and vorticity vectors, is shown. In the main part of the boundary layer H is positive (right-handed) and, at around y However, this quantity increases with Reynolds number since ω rms ∼ √ ε/ν. On the other hand, if the helicity spectrum is of the form ∼k −5/3 mean turbulent helicity cannot depend on any small viscous length scale and should therefore stay finite in the limit of high Reynolds number. Therefore, we do not use a normalisation based on u rms ω rms , but we rather use the local turbulent kinetic energy K = u i u i /2 and the turbulent kinetic energy dissipation ε = ν∂u i /∂x k ∂u i /∂x k . We can thus form a turbulent length scale l t = K 3/2 /ε and a turbulent velocity scale u t = √ K. We find that hl t /u . That the mean field and turbulent helicity are generally positive in the lower part of the boundary layer and negative in the upper part is consistent with relation (2.16), which gives a positive/negative helicity injection in the lower/upper part of the boundary layer.
In figure 3 we show the different terms of the budget equation for H ( figure 3a ) and for h ( figure 3b-d) . In the inner region of the boundary layer the magnitude of the terms in the helicity budget equation can be estimated as in the laminar case, which is as ∼G 2 ν/δ
. In the outer region the magnitude can be estimated as ∼ΩG 2 /δ ∼ Ω 2 G 2 /u τ , where we have used (2.16) and the estimate δ ∼ u τ /Ω for the turbulent Ekman boundary-layer thickness (Spalart et al. 2009; Deusebio et al. 2014) . Close to the wall, the main balance in (2.3) is between I and the mean viscous dissipation χ H . The term T accounts for a transport of positive helicity from larger y to the wall. Viscous diffusion of mean helicity (not shown), ν∇ 2 H, is large only very close to the wall. Positive mean helicity is transferred to turbulent helicity via P which peaks at around y + = 10. This is also the location at which the turbulent kinetic energy production attains its maximum (Deusebio et al. 2014) . The turbulent helicity h is only forced by P which is mainly balanced by χ h . In the inner region (figure 3b), two other terms also make a significant contribution: the transfer term t and the pressure transfer term i. In the logarithmic region ( figure 3c,d) , only the pressure transfer term i makes a significant contribution and it accounts for a transfer of helicity towards the wall where it is dissipated. It is worth pointing out that the only term which explicitly contains the rotation rate, r, is relatively small throughout the Ekman layer in the stationary state. Figure 3(d) shows a blow up of the logarithmic region in which the vertical axis was scaled by u
. The transport term t (and consequently i, which is derived as imbalance of the other terms in (2.4)) shows some wiggles as the outer region is approached which are likely to be due to a poor convergence for this term. Interestingly, P and χ h attain values of the order of unity, suggesting that the helicity cascade is of comparable intensity as the energy cascade. If an approximate equilibrium of the helicity dynamics exists at each level, then (2.17) can be relaxed to be locally fulfilled. Close to the wall, the main balance is between I and χ H ; whereas in the outer, where the vertical mean gradients reduce, the main balance is between I and χ h .
We will now test the isotropic relations derived in § 2.2. In practice, the two-point correlation a(r) would be most easily measured by using Taylor's hypothesis with the separation vector aligned in the mean wind direction. However, in order to test the relations derived above as well as the degree of isotropy, a(r) has been calculated figure 4(a) . Isotropy is clearly not fulfilled, since the two curves are quite different. However, both of them show a minimum around the Taylor microscale and the magnitude of the minima is around unity, as predicted in § 2.2. The inset in the figure shows −6a(r)/r normalised by h, calculated using the two different expressions for a(r). According to (2.36) both of the curves should approach unity in the limit of small r, if isotropy were to be fulfilled. As seen in the figure, both curves reach values which, although slightly smaller, are close to unity, thus providing general support to the relation (2.36). In figure 4 (b), we test relations (2.26) which can be used in order to estimate the helicity dissipation χ h . All three expressions have been calculated and compared for wall distances lying within the logarithmic region of the boundary layer. They all attain values very close to unity when scaled with the helicity dissipation χ h . This is particularly true in the lower part of the logarithmic region. We can thus conclude that at the very smallest scales, comparable to the Kolmogorov scale, isotropy is fairly well satisfied. As the outer region is approached, ∂ 2 x v∂ x w and ∂ 2 z u∂ z v start to deviate significantly from unity, whereas ∂ 2 y w∂ y u continues to provide a good estimate of χ h . The two-dimensional energy and helicity spectra, H 2D and E 2D , are plotted in figure 5. They are not too far from showing a dependence of the form
in an intermediate wavenumber range, although a wider range would be needed to draw more definite conclusions. If we fit the spectra to k
power laws in an intermediate range of wavenumbers we obtain the values C E = 1.6 and C H = 1.4 for the two constants, which are both of the order of unity, lending some support to the interpretation that the Reynolds number is just on the limit for a k −5/3 scaling range to emerge. With energy and helicity spectra of the form (3.1) the turbulent mean helicity can be estimated as h ∼ Kχ h /ε. Such a scaling is shown in figure 2(b) , where hε/(χ h K) is plotted in dotted line and exhibits a plateau in the logarithmic region. At small wavenumbers both spectra, E 2D (k h ) and H 2D (k h ), flatten at large scale at about k h = 2π/l t , confirming the estimate l t ∼ K 3/2 /ε (Batchelor 1953; Pope 2000) for the turbulent integral length scale. . (b) Comparison of (red) the two-dimensional helicity spectrum H(k) and (blue) its estimation based on F(k), relations (2.30) and (2.34). Normalisation as in figure 5.
As shown in § 2.2, the form of the two-dimensional spectrum can also be estimated from the sine transform, F(k), of a(r). in an intermediate range of scales. However, in this range the two curves are quite separated from each other. So we may conclude that the Reynolds number is not sufficiently large for recovering isotropy at scales within the inertial range. The mean of the two curves has been used in order to estimate the two-dimensional spectrum, using relations (2.30) and (2.34), and the comparison with the actual helicity spectrum H 2D (k) is shown in figure 6 . A reasonable agreement is obtained, and the two spectra show very similar behaviour. Nevertheless, similar to what already observed in figure 4, the magnitude of H 2D (k) is under-predicted by a factor of roughly 2 at small and intermediate wavenumbers, indicating that isotropy is not fulfilled in this range.
In figure 7 , we plot the probability density function (p.d.f.) of the turbulent helicity at y + ≈ 250. In spite of the positive bias observed (figure 2), the p.d.f. of u · ω shows a quite symmetric shape with quite extended tails, both in the positive and negative directions, indicating that negative helicity appears in the flow with almost as high probability as positive helicity. In the inset of figure 7, we plot the difference between the positive and the negative tails of the p.d.f. The maximum of the difference appears at ∼10 h. We found a standard deviation σ of approximately 30 ε/K 1/2 , i.e. large compared with the mean value which is about unity (figure 2). The skewness is very small, approximately 3 × 10 −3
, confirming the large degree of symmetry exhibited by the p.d.f. This is in agreement with results in helical homogeneous turbulence which show an almost symmetric p.d.f with a large cancellation between positive and negative helicity. Chen, Chen & Eyink (2003a) showed that the energy cascade leads to large values of helicity at small scales, which diverge in the limit of infinite Re.
In figure 8 we investigate to what degree the tails of the p.d.f. contribute to the mean helicity by considering the convergence of
to h as h I → ∞. It can be concluded from the figure that in order to measure h with a fair degree of accuracy, one would need to capture helicity events of very large intensity, in our case roughly 10 2 times larger than the mean helicity. As shown by the p.d.f. in figure 7, in our case such events have a probability of the order of 10 . We are faced with an apparent paradox here. Our results suggest that we really need to measure high-intensity events, which are in general associated with the small scales, in order to obtain an accurate estimate of h. On the other hand, this seems contradictory to the cascade theory and a helicity spectrum of the form of (3.1), according to which the main contribution to the mean helicity should come from scales of the order of l t , at which mean helicity is also generated. By integrating (3.1) up to the wavenumber associated with the Taylor microscale, λ, the error on the estimate of h would be of the order of (λ/l t ) 2/3 ∼ Re −2/3 λ , and therefore negligible in the atmospheric boundary . This paradox could, of course, be resolved if the cascade theory were wrong. We find this unlikely. The most likely resolution of the paradox is that events of |u · ω | ∼ 100h do not exclusively correspond to very small scales, but have a significant contribution from large and intermediate scales. This part of the p.d.f. shall therefore be Re-independent. Indeed, the far-off tails of the p.d.f., i.e. events for which
λ , still depends on Re. These events can be much larger than 100h, if the Re is large enough. Unfortunately, the limited Re number considered in the study does not allow us to offer on the apparent paradox more than this crude speculation, as Re 1/2 λ ≈ 10. Numerical simulations nowadays do not allow for larger Re than what has been considered in this study, and therefore a reliable measure of intermittency can only rely on experiments and/or measurements.
Summary and conclusions
We have derived evolution equations for the mean field helicity and the mean turbulent helicity in an Ekman boundary layer and also derived some basic isotropic relations between the two-point velocity correlation function, a(r), of two transverse velocity components, and the helicity correlation function as well as the helicity spectrum. The most important analytical results are that the integrated injection of right-handed helicity is equal to 2ΩG 2 over the total depth of the Ekman boundary layer, and that this injection can only be balanced by viscous dissipation. In the uppermost part of the Ekman layer, the helicity injection will, however, be of opposite sign as compared to the totally integrated injection, leading to a switch of sign of helicity in the outer part of the boundary layer. Nevertheless, in the major part of the turbulent Ekman boundary layer, including the logarithmic range, there will be a cascade from large to small scales of right-handed mean helicity if Ω > 0 and left-handed mean helicity if Ω < 0. Since helicity is a reflectionally antisymmetric and inviscidly conserved quantity which undergoes a cascade, it will preserve a signature of the system rotation all the way down to the Kolmogorov scale. By carrying out a measurement at millimetre scale of the helicity dissipation in the logarithmic range of the atmospheric boundary layer, one would therefore be able to determine in which hemisphere the measurement is performed. In general, in a bottom Ekman boundary layer such a measurement would lead to a positive helicity dissipation in the northern hemisphere and a negative helicity dissipation in the southern hemisphere. The same quantity, measured at millimetre scale, would therefore show different signs in the two hemispheres. We find this result very fascinating. More theoretically, this indicates that reflectional invariance, unlike rotational invariance, is not a general property of small-scale high-Reynolds-number turbulence. The isotropic relations which we have derived provide a toolbox which can be used in order to test the cascade theory experimentally. In particular, our demonstration that the helicity spectrum can be determined from the correlation function a(r) has opened a road to measurements of the helicity spectrum using hot wires.
Analysis of data from a DNS in the light of the helicity budget equations confirms the general conclusion that there is a cascade of right-handed helicity in the logarithmic range when Ω > 0, although the Reynolds number is only on the limit for a k −5/3 -range to appear. In a substantial part of the logarithmic range, isotropy is fairly well satisfied at the Kolmogorov scale. At larger scales, however, isotropy is poorly satisfied, due to a rather low Reynolds number. The probability distribution of helicity, displays very broad tails and the mean helicity comes out as a net result after a strong cancellation between high-intensity negative and positive helicity events. This result poses interesting questions regarding the nature of the cascade and on the influence of small-scale dissipative events on the tail of the p.d.f. of helicity. Further investigations are needed to resolve the paradox of how large-helicity events, generally determined by small-scale dynamics, can affect the overall helicity content, which is mainly determined by the large scales.
Everything points to the conclusion that we have found a flow case with a stable and steady turbulent helicity cascade, whose sign and magnitude can be predicted from general analytical arguments. We hope that this communication will stimulate further measurements in the atmospheric boundary layer aimed at studying the joint cascade of energy and helicity at high Re.
